Edge/surface states often appear in a topologically nontrivial phase when the system has a boundary. The edge state of a one-dimensional topological insulator is one of the simplest examples. Electron spin resonance (ESR) is an ideal probe to detect and analyze the edge state for its high sensitivity and precision. We consider ESR of the edge state of a generalized Su-Schrieffer-Heeger model with a next-nearest neighbor (NNN) hopping and a staggered spin-orbit coupling. The spin-orbit coupling is generally expected to bring about nontrivial changes on the ESR spectrum. Nevertheless, in the absence of the NNN hoppings, we find that the ESR spectrum is unaffected by the spin-orbit coupling thanks to the chiral symmetry. In the presence of both the NNN hopping and the spin-orbit coupling, on the other hand, the edge ESR spectrum exhibits a nontrivial frequency shift. We derive an explicit analytical formula for the ESR shift in the second-order perturbation theory, which agrees very well with a non-perturbative numerical calculation.
I. INTRODUCTION
In recent decades, topological phases have become a central issue in condensed matter physics. An important class of topological phases is topological insulators and topological superconductors [1] [2] [3] [4] .
In condensed matter and statistical physics, onedimensional (1-D) systems, which are amenable to several powerful analytical and numerical methods, often provide useful insights. 1-D topological phases are no exceptions. One of the simplest 1-D models possessing nontrivial topological nature is the Su-Schrieffer-Heeger (SSH) model 5 , which has been used to describe the lattice structure of polyacetylene [C 2 H 2 ] n . The SSH model can be also applied to the 1-D charge density wave systems, such as quasi-one-dimensional conductors like TTF-TCNQ (tetrathiofulvalinium-tetracyanoquinodimethanide) and KCP (potassium-tetracyanoplatinate) 6 . While the SSH model had been studied intensively much earlier than the notion of topological phases was conceived, there is a renewed interest from the viewpoint of topology. In fact, distinct phases of the SSH model are classified by the Zak phase 7 which is a topological invariant, and the bulk winding number of the momentum-space Hamiltonian 8 . In this sense, the SSH model can be regarded as a 1-D topological insulator.
An important nontrivial signature of many topological phases is edge states. The SSH model indeed possesses zero-energy edge states that are protected by a chiral symmetry 8 . The number of edge states at a domain wall is equal to the bulk winding number. This is known as the bulk-boundary correspondence in the spinless inversion-symmetric SSH model 8 . Experimentally, 1-D systems with boundaries or edges can be realized by adding impurities to the material so that the system is broken to many finite chains. However, the edge states are often experimentally difficult to observe, since they are localized near the boundaries or the impurities and their contribution to bulk physical quantities is small. Given this challenge, electron spin resonance (ESR) provides one of the best methods to probe the edge states, thanks to its high sensitivity. In fact, the edge states of the S = 1 Haldane chain were created by doping impurities and then successfully detected by ESR 9, 10 . Furthermore, combined with near-edge x-ray absorption finestructure experiments, ESR was applied successfully to probe the magnetic edge state in a graphene nanoribbon sample 11, 12 . Such a strategy could also be applied to 1-D topological insulators, which are described by the SSH model.
Another intriguing nature of ESR is that it is highly sensitive to magnetic anisotropies, such as the anisotropic exchange interaction, single-spin anisotropy, and the Dzyaloshinskii-Moriya (DM) interaction. The effect of magnetic anisotropies on ESR is well understood only in limited circumstances, and there remain many open issues 13, 14 . These magnetic anisotropies are often consequences of spin-orbit (SO) coupling which generally breaks spin-rotation symmetry. The effects of magnetic anisotropies and SO couplings also play important roles in magnetic dynamics in higher-dimensional topological phases [1] [2] [3] [4] 15, 16 . Thus it is of great interest to study the effect of SO coupling on ESR directly. However, this question has not been explored in much detail so far. An obstacle for the potential experimental ESR study of SO coupling is the electromagnetic screening in metallic systems. This problem does not exist in insulators. Unfortunately, band insulators are generally non-magnetic and we cannot expect interesting ESR properties. On the other hand, Mott insulators can have interesting magnetic properties. However, strong correlation effects, which are essential in Mott insulators, make theoretical analysis difficult.
In this context, the 1-D topological insulator provides a unique opportunity to study the effects of SO coupling on ESR. This would be of significant interest in several aspects. Experimentally, the insulating nature makes the observation of edge states by ESR easier. Theoretically, the interesting effects of anisotropic SO coupling on ESR can be studied accurately for the SSH model of non-interacting electrons. Moreover, the chiral symmetry, which is essential for the well-defined topological insulator phase, is often broken explicitly in realistic systems. When we introduce a chiral-symmetry breaking perturbation to the 1-D SSH model, the energy eigenvalues of the edge states generally deviate from zero energy. However, the edge states are expected to still survive and be localized near the edge if the perturbation is small enough. As we will demonstrate, the ESR of the edge state can detect the breaking of the chiral symmetry. The purpose of this paper is to present a theoretical analysis on ESR of the edge states in 1-D topological insulators, based on a generalized SSH model with SO couplings. We demonstrate several interesting aspects of ESR, which will hopefully stimulate corresponding experimental studies. The paper is organized as follows. In Sec. II, we present the model of interest and review the basic topological nature of the SSH model. The next three sections are the main part of this paper. The properties of edge states are discussed in detail in Sec. III. In Sec. IV, we obtain a compact analytical formula of the ESR frequency shift in perturbation theory with respect to SO coupling. Section V is devoted to a direct numerical calculation of the ESR frequency shift, which is independent of the perturbative approach in Sec. IV. We find that the perturbation theory agrees with the numerical results very well. Finally, we present conclusions and future problems in Sec. VI.
II. THE MODEL A. A generalized SSH model
First let us consider a generalized SSH model with SO coupling
where c j is the two-component electron annihilation operator c j ≡ [c j↑ , c j↓ ] T at the j-th site, t > 0 is the nearest-neighbor (NN) electron hopping amplitude, and −1 ≤ δ 0 ≤ 1 is the bond-alternation parameter. The angle φ and axis n (which is a unit vector) parametrizes the SO coupling on the NN bond. The angle φ denotes the ratio of the SO coupling to the hopping amplitude on the bond. In this paper, we assume that φ is sufficiently small (|φ| 1), which is the case in many real materials.
Expanding φ to first order, we obtain a standard form with so-called intrinsic and Rashba SO couplings 17 . In our model Eq. (1), SO coupling is assumed to be staggered along the chain. This would be required, in the limit of δ 0 = 0, if the system had site-centered inversion symmetry. In general, other forms of SO coupling including the uniform one along the chain are also possible. In this paper, however, we focus on the particular case of the staggered SO coupling to demonstrate its interesting effects on the ESR spectrum.
B. The SSH model and its topological properties
In the limit φ = 0, our model is reduced to the standard SSH model
Let us first consider a system of 2N sites (N unit cells) with the periodic boundary condition (PBC). It is then natural to take the momentum representation
where the summation of k is in the reduced Brillouin zone [0, π) with k = nπ/N and n = 0, · · · , N − 1. Corresponding to the each sublattice (even and odd), there are two flavors of fermions, a and b. The Hamiltonian can then be written as
with
where τ x,y,z are Pauli matrices acting on the flavor space, and d x,y (k) are real numbers
The spin indices are again suppressed in the Hamiltonian. From this expression, the single-electron energy reads
(8) The gap is closed at k = π/2 when δ 0 = 0, while the system has a gap 4t|δ 0 | whenever the bond alternation does not vanish (δ 0 = 0). The gapless point can be regarded as a quantum critical point separating the two gapped phases, δ 0 < 0 and δ 0 > 0. Throughout this paper, we consider the half-filled case with 2N electrons. The bulk mode near this gap-closing point has a linear dispersion relation indicated in Fig. 1 , and it can be described by a one-dimensional Dirac fermion 3 .
FIG. 1. Band structure of the SSH model in Eq. (2) with a periodic boundary condition. 1 The solid and dashed lines respectively represent band structures of the insulating case with δ0 = 0 and the gapless point at δ0 = 0. The low-energy physics around k = π/2 can be described by one-dimensional Dirac fermion model.
It is evident from the Hamiltonian that each of the gapped phases is simply a dimerized phase. Nevertheless, we can identify them as a trivial insulator phase and a "topological insulator" phase. This can be understood by considering the system with the open boundary condition. Let us consider the chain of 2N sites labeled with j = 1, 2, . . . , 2N , and the open ends at sites j = 1 and 2N . For δ 0 > 0 (δ 0 < 0), sites j = 2n and j = 2n + 1 (j = 2n − 1 and j = 2n) form a dimerized pair, respectively. As a consequence, for δ 0 > 0 the end sites j = 1 and j = 2N remain unpaired. The electrons at these unpaired sites give rise to S = 1/2 edge states. In contrast, for δ 0 < 0, there are no unpaired sites and thus no edge states. In this sense, δ 0 > 0 is a topological insulator phase and δ 0 < 0 is a trivial insulator phase. Of course, considering the equivalence of the two phases in the bulk, such a distinction involves an arbitrariness. That is, if we consider the an open chain of N sites with j = 0, 1, . . . , 2N − 1, the edge states appear only for δ 0 < 0. It is still useful to identify the gapless point at δ 0 = 0 as a quantum critical point separating the topological insulator and the trivial insulator phase.
The particular shape of the Hamiltonian also implies the existence of a chiral symmetry:
where Γ ≡ τ z . The chiral symmetry turns out to be important for the distinction of the two phases. In the context of the general classification of topological insulators, the present system corresponds to the "AIII" class with particle number conservation and the chiral symmetry in one spatial dimension 18, 19 . In a general one dimensional free fermion system, we can define a topological invariant called the Zak phase for each band as follows: (2) under an open boundary condition.
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Blue and red colors respectively represent the spatial distribution of the existing probability for left and right localized edge states. The total site number is set to be even, the dimerization parameter δ0 > 0, and symbols v and w denote hopping amplitudes t(1 − δ0) and t(1 + δ0), respectively. The wave-function amplitude decays exponentially into the bulk 4 .
where |Ψ(k) is the Bloch wavefunction of the band with the momentum k. In the presence of the chiral symmetry, γ Zak is quantized to integral multiples of π, if the band is separated from others by gaps 20 .
For the present two-band SSH model in Eq. (5) with the chiral symmetry, we can compute the Zak phase using the explicit Bloch wavefunction. For the lower band,
. As a result, we find γ Zak /π = 1 for 0 < δ 0 ≤ 1 in which the system is a topological insulator. In the other case −1 ≤ δ 0 < 0, where the system is a trivial insulator, γ Zak /π = 0. In this case, we can see that the Zak phase can be also identifed 20 with a winding number of the Hamiltonian as
When γ Zak /π = 1, there is an edge state localized at each end of an open finite chain as shown in Fig. 2 . This is the bulk-boundary correspondence 21 in the SSH model. In general, this topological number can take arbitrary integer values, corresponding to Z classification of BDI or AIII class in d = 1 dimension. However, in the present SSH model, its value is restricted to 0 or 1.
The existence of the edge states in the SSH model can be demonstrated by an explicit calculation for a finitesize chain. In Fig. 3 , we can see that, when δ 0 decreases from 1 to -1, the edge states merge into the bulk spectrum as δ 0 → 0 + . In addition, when the thermodynamic limit, N → +∞, is taken in the open-end SSH model, the edge states are strictly at zero energy and topologically stable against any local adiabatic deformation that respects the chiral symmetry 8 . under an open boundary condition. As δ0 → 0 + , two localized edge states at the ends merge into the bulk. For the limit N → +∞, the edge states are strictly at zero energy as 0 < δ ≤ t which are protected by the chiral symmetry. 
C. ESR of edge states
Let us consider ESR of the 1-d half-filled topological insulator phases at the low-temperature and low-frequency limit |ω|, T |δ 0 |t on which we focus in this paper. The ESR contribution from bulk excitations is negligible in this limit since there is a large bond-alternation driven band gap 4|δ 0 |t. On the other hand, spin-1/2 edge states are located at the (nearly) zero energy point in the bandgap regime. Therefore, ESR is dominated by the edge state contribution.
When the chiral symmetry is preserved and SO coupling is absent, the edge spin is precisely equivalent to a free S = 1/2. In this case, the edge ESR spectrum is trivial, which means that it just consists of the delta function at the Zeeman energy. However, breaking of the chiral symmetry and introduction of SO couplings can bring a nontrivial change on the edge ESR spectrum. In the following, we shall analyze this effect theoretically.
In ESR, absorption of an incoming electromagnetic wave is measured under a static magnetic field. Thus we introduce the Zeeman term for the static, uniform magnetic field
where n H is a unit vector representing the direction of the magnetic field, H > 0 is its magnitude, and σ = (σ x , σ y , σ z ). In the paramagnetic resonance of independent electron spins, absorption occurs for the oscillating magnetic field perpendicular to the static magnetic field, which is measured in the standard Faraday configuration. Therefore, in this paper, we assume that the oscillating magnetic field is perpendicular to the static magnetic field n H . The frequency of the electromagnetic wave is denoted by ω.
In an electron system with the SO interaction, the electric current operator contains a "SO current" that involves the spin operator. Since the electric current couples to the oscillating electric field, in the actual setting of the ESR experiment, the optical conductivity due to the SO current also contributes to the absorption of the electromagnetic wave with a spin flip. This effect is called Electron Dipole Spin Resonance (EDSR) [22] [23] [24] [25] . The EDSR contribution is generically larger than ESR if SO coupling is at the same order as the Zeeman splitting 26, 27 , as their relative contributions are of (a/λ C ) 2 ≈ 10 6 , where a ≈ 10 −10 m is the lattice spacing and λ C ≈ 10 −13 m the Compton length of the electron 25 . In general, EDSR requires a separate consideration from ESR as they involve different operators 25 . Nevertheless, in the low-temperature/lowfrequency regime, only the two spin states of the edge state are involved. Thus, although EDSR contributes to the absorption intensity differently from ESR, the resonance frequency is identical between the ESR and EDSR. With this in mind, we do not consider EDSR explicitly in the rest of the paper. It should be noted that, for a higher temperature or a higher frequency, the EDSR contribution to the absorption spectrum is rather different from the ESR one, as the absorption spectrum involves bulk excitations.
We now consider the ESR in the system with the Hamiltonian H 0 + H z . Within the linear response theory 28 , the ESR spectrum is generally given by the dynamical susceptibility function in the limit of zero-momentum transfer
where
where S ± means the ladder operator defined with respect to the direction n H of the static field, · · · denotes the quantum and ensemble average at the given temperature T , and
where H is the static Hamiltonian we consider (e.g.,
In the absence of SO coupling (φ = 0), H 0 has the exact SU(2) spin rotation symmetry which is broken only "weakly" 14 by the Zeeman term H Z . As a general principle of ESR, in this case, the ESR spectrum (if any) remains paramagnetic, namely a single δ-function at ω = H. As we will demonstrate later in Sec. III, in the low-temperature limit, this paramagnetic ESR can be attributed to the edge states of the SSH model. Once the SO coupling is introduced (φ = 0), the SU(2) symmetry is broken and we would expect a nontrivial ESR lineshape. However, somewhat surprisingly, (as we will show later), the ESR spectrum attributed to the edge states remains a δ-function at ω = H even when φ = 0.
Thus, in order to investigate possible nontrivial effects of the SO coupling on ESR, we further consider the NNN hoppings
where ∆t is the NNN electron hopping amplitude. The angle γ and n γ are the SO turn angle and the axis for the NNN hopping, respectively. The Hamiltonian of the system to be considered is then
Once we include the NNN hoppings, the chiral symmetry is broken and the edge states are not protected to be at zero energy. Nevertheless, when the chiral symmetry breaking perturbations are weak, we may still identify "edge states" localized near the ends although they are no longer at exact zero energy even when H = 0. Under a magnetic field H, contributions from these edge states dominate the ESR in the low-energy limit. Now, the ESR spectrum can be nontrivially modified by the SO couplings φ and γ. It is the main purpose of the present paper to elucidate this effect. In real materials, the NNN hoppings might be small but they are generally non-vanishing. Thus it is important to develop a theory of ESR in the presence of the NNN hoppings, especially because we can detect the NNN hoppings with ESR even when they are small. We will treat the NNN hopping ∆H , which would be smaller than the NN hopping H 0 in many experimental realizations, as a perturbation. This also turns out to be convenient for our theoretical analysis. We also assume that |φ|, |γ| 1 since SO couplings are weak in most of the realistic systems, and they will formulate a perturbation expansion in ∆t, φ, and γ.
III. EDGE STATES OF H0 AND U (1) S· n H SYMMETRY
As we discussed earlier, ESR would be an ideal probe to detect the edge state of the 1D topological insulator and various perturbations. In this section, we discuss and explicitly solve the edge states of the unperturbed Hamiltonian H 0 to demonstrate the robustness of the edge states against SO coupling. As a consequence, in the model H 0 only with NN hoppings, there is no nontrivial change in the edge ESR spectrum.
Since our Hamiltonian H 0 is bilinear in fermion operators, we can focus on single-electron states and represent them with the ket notation. For a half-infinite chain with sites j = 1, 2, . . ., where j = 1 corresponds to the end of the chain, we find a single-electron eigenstate |Edge, σ localized near the edge in the "topological insulator" phase δ 0 > 0. Here σ = ±1 represents the spin component in the direction of the magnetic field. Namely,
with the energy eigenvalues E (0) σ = −σH/2 and S is the total spin of the system. The wave function of the edge states is exactly calculated as
where 2N 0 is the set of non-negative even integers, and N is the normalization constant. The energy eigenvalue of the edge state for H 0 is, independently of the spin component, exactly zero, reflecting its topological nature.
It is also remarkable that the edge state wavefunction is independent of φ and n. This is a consequence of a canonical "gauge transformation"
which eliminates the SO coupling from H 0 . In this sense, H 0 still has a hidden SU(2) symmetry 30,31 even though the SO coupling breaks the apparent spin SU(2) symmetry. However, since the gauge transformation involves the local rotation of spins, the uniform magnetic field H Z gives rise to a staggered field after the gauge transformation. This staggered field completely breaks the SU(2) symmetry. This is similar to the situation in a spin chain with a staggered Dzyaloshinskii-Moriya interaction 13 . Thus, following the general principle of ESR, we would expect a nontrivial ESR spectrum in the presence of the staggered SO coupling as in H 0 .
Nevertheless, somewhat unexpectedly, we find that the edge ESR spectrum for the model H 0 remains the δ-function δ(ω − H), as if there is no anisotropy at all. This is due to the fact that the edge-state wavefunction Eq. (21) is non-vanishing only on the even sites. Since the gauge transformation can be defined so that it only acts on the even sites where the edge-state wavefunction Eq. (21) vanishes, the edge state is completely insensitive to the SO coupling. Therefore, the spectral shape of the edge ESR remains unchanged by the staggered SO coupling. In addition, since the edge wave functions are eigenstates of the total spin component along n H according to Eq. (20) , the edge states have U (1) S· n H symmetry generated by S · n H .
In fact, the robustness of the edge ESR spectrum is valid for a wider class of models. The edge ESR only probes a transition between two states with opposite polarization of the spin, which form a Kramers pair in the absence of the magnetic field. Thus, at zero magnetic field, the time-reversal invariance of the model requires these two states to be exactly degenerate. For a finite magnetic field, if the system still has U (1) S· n H symmetry of rotation about the magnetic field axis, the two states can be labelled by the eigenvalues of S z = ±1/2, and their energy splitting is exactly
Thus, as far as the edge ESR involving only the Kramers pair is concerned, the U (1) S· n H symmetry is sufficient to protect the δ-function peak at ω = H. We note that, more generally, when more than two states contribute to ESR, these symmetries are not sufficient to protect the single-peak ESR spectrum, as there can be transitions between states not related by time reversal. In fact, this would be the case for the absorption due to bulk excitations which we do not discuss in this paper.
IV. PERTURBATION THEORY OF THE EDGE ESR FREQUENCY SHIFT
As we have shown in the previous Section, even in the presence of SO coupling, there is no frequency shift for edge ESR in the NN hopping model H 0 . This is a consequence of the chiral symmetry, which stems from the bipartite nature of the NN hopping model.
As we will discuss below, the introduction of NNN hoppings breaks the chiral symmetry and generally causes a nontrivial frequency shift of the edge ESR. In this Section, we develop a perturbation theory of ESR for the edge states, first by regarding H 0 + H Z as the unperturbed Hamiltonian and ∆H as a perturbation.
In the presence of the perturbation with SO couplings, the eigenstate of the Hamiltonian is generally no longer an eigenstate of the spin component S · n H as in Eq. (20) . Nevertheless, as long as the perturbation theory is valid, two edge states can still be identified by using spin σ = + and −. Namely, for the full Hamiltonian (18), we can define the edge state labeled by σ = ± as the state adiabatically connected to |Edge, ± as ∆H → 0.
Here let us introduce new symbols E +(−) and E (n) +(−) as the energy eigenvalue of the almost spin up (down) edge state in Eq. (18) and its n-th order correction in the perturbation theory, respectively. With these symbols, the ESR frequency is given by
where the ESR trivial peak position is given by E
− − E (0) + = H. The ESR frequency shift ∆ω, driven by the perturbation ∆H , is expanded in the perturbation theory as
where the n-th order term is
for n ∈ N. In the following parts, we perturbatively solve the single-electron problem to compute the eigen-energy difference of two edge states E + and E − .
A. First order in ∆t
The NNN hopping ∆H breaks the chiral symmetry, and thus it can change the edge ESR spectrum. In fact, the energy of the edge states is already shifted in the first order of ∆H . However, the energy shift is the same for the two edge states with different spin polarizations. This is a consequence of the time-reversal (TR) symmetry of the SO coupling, as demonstrated below:
where Θ is the TR operator and Θ∆H Θ −1 = ∆H is used. Therefore, the edge ESR spectrum remains unchanged in the first order of ∆t as the frequency shift vanishes in this order:
B. Second order in ∆t
We can formally write down the second-order perturbation correction
where the projection operator P σ ≡ 1 − |Edge,σ Edge,σ|.
It is rather difficult to evaluate this formula directly, since the intermediate states in the perturbation term include the bulk eigenstates of H 0 in which the hidden symmetry is generally broken. Assuming that |φ|, |γ| 1 (i.e., the SO coupling is sufficiently small), we can develop a perturbative expansion in φ and γ in addition to ∆t. In this framework, we expand E σ as a Taylor series of φ, γ and ∆t. The quantity of interest is the energy splitting E − − E + , since it corresponds to the ESR frequency.
The edge state energy splitting in the second order in ∆t, and up to the second order in φ, γ is required to take the form
based on the following symmetry considerations, and a, b and c are constants to be determined.
First of all, (E σ − E −σ ) will not change under
because this corresponds to a trivial redefinition of coordinate system. Therefore, we attach the factor σH in the r.h.s. of Eq. (29). Next we notice that φ always appears with n, and γ with n γ , which leads to further constraints as we will see below. Let us consider the limiting case φ = 0 with nonzero γ. The splitting can only depend on the relative angle between n γ and n H . Furthermore, if n γ n H , the hidden symmetry of the edge state implies that the energy splitting is exactly given by the Zeeman energy and there is no perturbative correction. Thus, for φ = 0, the energy splitting can only depend on ( n γ × n H ) 2 γ 2 up to O(γ 2 ) since the energy split is a scalar and it must be written in terms of inner and vector products of n H , n and n γ . Then, similarly, if γ = 0 with nonzero φ, the energy splitting can only depend on ( n × n H ) 2 φ 2 . Finally, the O(φγ) term should be linear in n and n γ , and it vanishes when n n γ n H because of the U (1) S· n symmetry. These requirements uniquely determine the form of ( n × n H ) · ( n γ × n H ). Thus, the symmetries reduce the possible forms of the second-order corrections to Eq. (29) with only the three parameters a, b, and c.
To obtain these parameters, we note that the expansion in φ and γ introduced above can be naturally done by regarding the SSH model without SO coupling
as the unperturbed Hamiltonian, and
as the perturbation, where
and ∆H as defined in Eq. (17) . As the result of the perturbation calculation given in the Appendix, we find that the second-order term of frequency shift is non-positive given in the form
Here |m, j 's are single-particle (bulk) energy eigenstates ofH 0 in Eq. (31) where m = ± labels the positive or negative energy sector (i.e., band indices) and j labels other possible quantum numbers, which is not the wave vector since we have the open-ended boundary condition. The energy ±E j stands for the energy eigenvalue of |±, j . The perturbation terms ∆H , ∆H , and ∆H 0 are defined as
We note that Eqs. (36) and (38) are anti-Hermitian. After putting the definitions of M and N into Eq. (34), we find the result consistent with the general form Eq. (29) required by symmetries. The parameters are then identified as
The detailed derivation of a, b and c is given in Appendix. The final result can be given in a compact form as
which is non-positive. Since the first-order correction vanishes as we have already seen, the second-order term Eq. (39) gives the leading term for the frequency shift of the edge ESR. It also implies that, although γ is the SO-coupling turn angle for the NNN hopping terms, it is equally important in ∆ω as the NN SO coupling turn angle φ even if the NNN hopping itself is small (∆t t). One of the most remarkable features of our result is that, the shift (up to the second order in the perturbation) vanishes when φ n × n H = γ n γ × n H . This corresponds to the zeros of curves in Fig. 4 where the direction of the magnetic field is in the plane spanned by n =ŷ and n γ = −ẑ, and θ is the angle between n H andŷ in thê y-ẑ plane, as shown in Fig. 5 . Therefore, we predict two directions of the magnetic field for which the ESR shift vanishes, when the magnetic field direction n H sweeps the plane spanned by n and n γ .
V. NON-PERTURBATIVE CALCULATION OF THE EDGE ESR SPECTRUM
Here, in order to see the validity of our perturbation theory in the preceding section, let us re-compute the edge ESR frequency with a more direct numerical method. As already mentioned, when the magnetic field H (and thus the ESR frequency ω) is much smaller compared to the bulk excitation gap 4t|δ 0 |, we may ignore the effects of the bulk excitations in the ESR spectrum. Then the edge ESR spectrum is of the δ-function form
where E +(−) is the energy eigenvalue of the "almost" spin-up (spin-down) edge state. These energies can be accurately computed by numerical diagonalization of a finite (but long) size full Hamiltonian with an open boundary condition. Then we obtain the spectrum peak shift ∆ω ≡ E − − E + − H from the numerical results of E ± . In the present work, we calculated E ± using a finite open chain of 100 sites.
In Fig. 4 , we compare the numerical results of the peak shift with the analytical perturbation theory of ∆ω (2) ESR in Eq. (39) when the magnetic field is in the plane spanned by n and n γ . The figure clearly shows that our perturbation theory agrees with the numerical results quite well.
VI. CONCLUSIONS AND DISCUSSION
We have analyzed ESR of edge states in a generalized SSH model with staggered SO couplings and with an open end. In this paper, we assume that the energy scales of the magnetic field, the frequency, and the temperature are sufficiently small compared to the bulk gap. Then the ESR spectrum only consists of a single δ-function spectrum corresponding to the transition between two spin states at the edge, but is expected to show a nontrivial frequency shift in general as the SO coupling Fig. 4 , where the direction of magnetic field is in the plane spanned by n =ŷ and nγ = −ẑ. The parameter θ is defined as the angle between nH andŷ in theŷ-ẑ plane.
breaks the SU(2) symmetry strongly under the applied magnetic field. Nevertheless, there is no ESR frequency shift in the model with only NN hoppings, thanks to its chiral symmetry.
The chiral symmetry is broken by NNN hoppings, which should be generally present in any realistic materials even if they are small. This NNN hoppings, together with the SO coupling, can induce a nontrivial frequency shift on the edge ESR. Thus we have developed a perturbation theory of the frequency shift, regarding the NNN hoppings and the SO couplings as perturbations. Our main result, the ESR frequency shift up to second order in the perturbation theory, is found in Eq. (29) . It is non-positive in this order. (The resonance field shift for a fixed frequency, which is usually measured in experiments, is always positive.) In the presence of the NNN hoppings, the SO couplings in the NN hoppings, which did not cause a frequency shift by themselves, also contribute to the frequency shift. We find an interesting dependence of the ESR frequency shift on the direction of the static magnetic field, relative to the SO couplings on the NN and the NNN hoppings. In particular, the ESR frequency shift is predicted to vanish when the static magnetic field points to a certain direction on the plane spanned by the two SO coupling axes (see Fig. 4 ). Furthermore, we performed a direct estimate of the ESR frequency shift by a numerical calculation of the edge state spectrum, without relying on the perturbation theory. The result agrees very well with the perturbation theory, establishing its validity.
Our results indicate that, the chiral symmetry breaking by the NNN hoppings in the "SSH"-type topological insulators in one dimension may be detected by ESR, in the presence of the SO couplings. If the NNN hoppings are small, which would be the case in many realistic materials, it might be difficult to detect their effects with other experimental techniques. ESR has been successful in detecting even very small magnetic anisotropies, thanks to its high sensitivity and accuracy. We hope that the present work will pave the way for a new application of ESR in detecting (small) chiral symmetry breaking.
While we do not discuss any particular material in this paper, let us discuss here the prospect of experimentally observing the effects we predict. The maximal frequency shift is given by the order of
The ratio of NNN to NN hoppings, ∆t/t, of course strongly depends on each material. It is even possible that |∆t|/t 1, in which case the system may be regarded as two chains coupled weakly by zigzag hopping. It should be however noted that our theory is valid only when |∆t|/t is sufficiently small. We still expect that our theory works reasonably well for (∆t/t) 2 ∼ 0.1. In carbon-based systems, such as polyacetylene, the SO interaction is known to be weak. For example, even with the enhanced SO interaction due to a curvature 32 , φ, γ is of order of 10 −5 . This would give an ESR shift that is too small to be observed in experiments. However, the SO interaction is stronger in heavier atoms. In fact, even in carbon-based systems, the SO interaction can be significantly enhanced by heavy adatoms. For example, placing Pb as adatoms can enhance φ, γ up to 0.1 or more in graphene 33 . This would give the edge ESR shift corresponding to the g-shift up to the order of 10 −3 (1,000 ppm), which should be observable. In particular, even if the absolute value of the shift is difficult to be determined, the angular dependence of the ESR shift would be more evident in experiments. Furthermore, it is known that an SO interaction generally becomes larger when the electron system we consider is located in the vicinity of an interface between two bulk systems or is under a strong, static electric field [34] [35] [36] . Therefore, if we set up an SSH chain system under such an environment, it would become easier to detect an ESR frequency shift due to a strong SO coupling.
Throughout this paper, we have taken the NN SO coupling in the model Eq. (1) to be staggered. However, there are other possibilities. In particular, in a translationally symmetric system, the NN SO coupling is uniform. Although the only difference is the signs in the Hamiltonian, ESR spectra should be significantly different between these two cases. This is clear if we consider the limit of the zero NNN hopping. In the staggered SO coupling case, there is no ESR frequency shift. This is because the NN SO coupling can be gauged out by the canonical transformation Eq. (22), without changing the odd site amplitude and thus leaving the SSH edge state wavefunction Eq. (21) unchanged. On the other hand, in the uniform SO coupling case, gauging out the NN SO coupling affects any wavefunction including the SSH edge state wavefunction, resulting in the change of the ESR spectrum. A similar difference has been recognized between the ESR spectum in the presence of a staggered DM interaction 13 and that with a uniform DM interaction along the chain 29 . The analysis of the edge ESR spectrum in the presence of a uniform SO coupling is left for future studies. Here we explain how to determine the parameters a, b and c in the general form of Eq. (29), based on a perturbation theory. As we have discussed earlier, in order to expand the edge-state energy eigenstates with respect to the SO coupling parameters φ and γ, which are assumed to be small, we regardH 0 of Eq. (31) as the unperturbed part, andH pert of Eq. (32) as the perturbation. Moreover, we have already shown in Sections III and IV A that the ESR shift vanishes exactly up to O(∆t). Therefore, the leading terms with coefficients a, b and c stem from the second-order perturbation proportional to ∆t 2 . Below, we will determine three parameters a, b and c from the perturbative expansion ofH pert .
Second order in Hpert
The shift of the edge energy eigenvalue in the second order of H pert is given by where the bulk single-particle eigen-energy E m,j,σ is given by E m,j,σ ≡ mE j −σH/2 (A.2) with mE j the energy eigenvalue of spinless single-particle eigenstates |m, j , and we have used the facts that in the unperturbed sector, the orbital and spin parts of singleparticle eigenstates can be decomposed, e.g. |m, j, σ = |m, j |σ sinceH 0 commutes with the spin operator of each site. Here we define E
